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Abstract 
Analytic expressions are found for the amplitude of the first and second harmonics of the Ultrasound Contrast Agent's (UCA's) 
dynamics when excited by a chirp. The dependency of the second harmonic amplitude on the system parameters, the UCA shell 
parameters, and the insonifying signal parameters is then investigated. It is shown that optimal parameter values exist which give 
rise to a clear increase in the second harmonic component of the UCA's motion. 
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1. Introduction 
Medical ultrasound imaging has been enhanced by the use of (UCAs) which improve the imaging of blood flow 
by increasing the contrast ratio between the blood and the surrounding tissue [1]. Several models of bubble 
dynamics exist including the Rayleigh-Plesset, Keller and Herring models [2]. Prosperetti & Lezzi [2] produced the 
Keller-Herring model which, by a judicious parameter choice, can be reduced to each of these models in turn. The 
bubble models have since been extended and adapted in an attempt to accurately model the dynamics of a UCA 
under insonification. MacDonald et al. [3] developed previous research [2], [4] by incorporating the effects of the 
shell into the Keller-Herring equation. The advantage of this equation is that, analogously to the bubble dynamics 
case, Macdonald's model can be reduced to a Rayleigh-Plesset type, Keller type or Herring type equation for the 
dynamics of a UCA by a suitable parameter choice. 
As the models are highly nonlinear there have been very few analytical studies. An analytical solution for an 
encapsulated bubble insonified by a sinusoidal pulse has been found by considering small amplitude oscillations [5]. 
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This then facilitated a study of the effect that the encapsulating shell properties have on various system properties
including the resonant frequency, the attenuation and the scattering cross section.
The case of a UCA experiencing chirp excitation has been studied numerically and experimentally in recent years
[6], [7], [8]. Borsboom et al. examined, with numerical and experimental methods, the benefits of imaging a UCA
undergoing chirp excitation at its second harmonic frequency and found that this method could potentially be 
applied to improve the detection of UCAs [9], [10]. This paper will derive an analytical solution for the case of a 
UCA insonified by a chirp forcing function. This analytical solution will be obtained in a similar fashion as that
employed by Church for a sinusoidal pulse forcing function [5]. By obtaining an analytical solution the amplitudes
for the resonant and second harmonic frequencies can then be examined and optimised with respect to the chirp
signal parameters and the elasticity, viscosity and thickness of the UCA shell. 
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2. Analysis of the model
The Keller-Herring equation for an ultrasound contrast agent (UCA) with a thin elastic shell is given by [3]
(1)
where R=R(t) is the UCA's radius, cL is the velocity of sound, and ȡ is the density, of the liquid surrounding the
UCA and P is the pressure acting on the UCA wall. Equation (1) takes the characteristics of either Keller or Herring
models, depending on what value is assigned to the dimensionless parameter Ȝ. By setting Ȝ=0 equation (1) reduces
to the form of a Keller equation and by setting Ȝ=1 the equation reduces to the form of a Herring equation [2]. Both
of these models exhibit similar characteristics [11] and in this paper Ȝ will be set to one, as the Herring model in
particular is widely used in the literature [4], [6] and [7]. It is also worth noting that by letting cL ĺ , the liquid
can be considered as incompressible, and equation (1) reduces to the form of a Rayleigh-Plesset equation [2]. The
pressure P is induced by the difference between the pressure at the UCA wall, pw, and the pressure far from the 
UCA, p, and is thus given by P= pw - p..The pressure at the UCA wall, which includes the effect of the
encapsulating shell, is [2]
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where ı0 is the initial interfacial tension at the UCA wall, R0 is the UCA's equilibrium radius, Ȥ is the shell elasticity
parameter, ț is the non-dimensional polytropic gas constant of the gas inside the UCA, μ  is the viscosity of the
liquid, μsh  is the viscosity of the shell and İ  is the thickness of the shell. By assuming that the depth of the liquid is 
small, the hydrostatic liquid pressure is approximated above by p0, the ambient pressure in the liquid [13]. The effect
of vapour pressure is neglected as this is small in comparison to p0 [13]. The pressure far from the UCA is a 
combination of the hydrostatic liquid pressure and F(t), the external forcing function and can therefore be
approximated by p = p0+F. As in [14], the UCA's radius R is expressed in terms of the equilibrium radius R0 and 
the displacement from this, x(t) by
    ,10  txRtR
where the UCA's oscillations are assumed to be small so that |x|«1.
The case where the forcing function is a coded ultrasonic signal called a chirp will be examined here. This type of
signal is of the form [14]
   ,t222)( ctet batc  cos2/ dpF S (2)
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where pc is the peak pressure and a, b, c and d are parameters which can be manipulated to vary the signal. The
structure of the chirp given by definition (2) results in the signal generating the maximum energy at t = a. It is 
therefore desirable to design the chirp so that its instantaneous frequency equals the resonant frequency of the UCA
at this point of maximum energy. This will then produce the largest amplitude of oscillations in the UCA. The
instantaneous frequency, fi, of the chirp at time t is fi = 2ct+d [15]. Thus by defining c = (Ȧ0-d)/tch, where Ȧ0 is the
resonant frequency as given in [16] and tch is the period of the chirp, this correspondence between the maximum
energy and the resonant frequency is, as will be shown later, achieved.
A non-dimensional parameter ĳ is introduced for scaling, where ĳ satisfies ĳ = t/T and T is a typical timescale of
F. Using ĳ in equation (2) the forcing function can be written as F(t) = pcG(ĳ), where 
     ,(2cos22 2/ dceG ba   MSMM M
Ta /a  , Tb /b  , 2cTc   and dTd  . Using this definition of ĳ, the differential equation is scaled and a
small parameter, į, can be identified where
.
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By expressing x as a regular perturbation
      ...2 MKGMGKMx 10  (3)
and equating similar powers of į in equation (1) a series of differential equations are produced. After some lengthy
algebraic manipulations the first two of these are solved to give approximate analytical solutions to Ș0 and Ș1 which
can be substituted into (3). Applying a Fourier transform to this solution, the amplitude of the signal at the
fundamental and second harmonic frequencies can be extracted to give [16]
   .2coscos 202101 IZWIZW  ttx
3. Results
It is of interest to examine the effect that varying the model parameters has on the amplitude Ĳ2. In each case the
insonifying chirp was designed to deliver the same amount of energy to the UCA, thus making the comparisons
more equitable. By identifying which parameters have the most influence on the amplitudes, the chirp signal or the
UCA can be designed to achieve the best results. In Figure 1(a) c is varied with b. As expected [14], a clear optimal
value is detected for c which corresponds to the value of c given in Table 1. Furthermore, Figure 1(a) indicates that
the second harmonic frequency amplitude is maximised by making b as small as possible. This correlates with the
energy of the chirp being focused around the resonant frequency.
In Figure 1(b) Ĳ2 is calculated for varying values of the shell elasticity parameter, Ȥ, and the chirp parameter c. it 
is evident that for each value of Ȥ, and thus each resonant frequency of the UCA, there is an optimal value of c 
which should be used to maximise the amplitude Ĳ2. There is evidence of a greater amplitude of Ĳ2 for a combination
of lower c with a smaller Ȥ.
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Table 1. System and UCA parameter values in water at 20oC. Chirp forcing function parameters are designed to resonate a UCA 
with these parameter values.
Physical System & UCA Parameters Chirp Parameters
Units Value Units Value Units Value
R0 μm 1 μ Pa s 1 10-3 a μs 1.42
ȡ kg m-3 998 cL m s-1 1480 b μs 0.24
p0 Pa 1 105 İ nm 1 c MHz μs-1 0.37
ı N m-1 0.051 Ȥ N m-1 1 d MHz 9.54
ț - 1.095 μsh Pa s 1 pc kPa 100.0
Figure 1(c) shows the amplitude Ĳ2 calculated when the shell viscosity, μsh is varied with the chirp parameter c.
There is a clear optimal value for c here which corresponds to the value given in Table 1. Figure 1(c) also highlights
the fact that the oscillations increase in amplitude as the shell viscosity decreases, as this would result in less 
damping of the shell dynamics. The behaviour seen in Figure 1(c) is therefore to be expected.
(a) (b) (c)
Fig.1 Ĳ2 (×106) calculated for varying values of chirp parameter c and (a) the chirp parameter b, (b) the shell elasticity parameter, Ȥ, and (c) the 
viscosity of the shell, μsh. The units of each parameter are given in Table 1. All other parameters were kept constant, at values given in Table 1. 
4. Conclusion
The case of a UCA insonifed by a linear chirp was examined in this paper. A Keller-Herring type model that
includes the effects of the elastic shell was examined. This differential equation was first simplified, by considering
small amplitude oscillations, and then, by non-dimensionalising to identify a small parameter, a regular perturbation
method was applied to obtain a series of linear ordinary differential equations. The first two of these were solved to
obtain an approximate analytical solution for the dynamics of the UCA. The solution was then written in the form of
a Fourier cosine series where analytical expressions were obtained for the first (Ĳ1) and second (Ĳ2) harmonics. It has 
been shown that for a given set of physical properties for the UCA and the surrounding fluid, an optimal set of chirp
parameters can be identified.
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